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Abstract
We suggest supersymmetric extension of conformally invariant string theory which is
exclusively based on extrinsic curvature action. At the classical level this is a tension-less
string theory. The absence of conformal anomaly in quantum theory requires that the
space-time should be 6-dimensional.
1email: savvidy@inp.demokritos.gr
A string model which is exclusively based on the concept of extrinsic curvature was
suggested in [1]. It describes random surfaces embedded in D-dimensional spacetime with
the following action
S = m · A = m
π
∫
d2ζ
√
h
√
Kiaa K
ib
b , (1)
where m has dimension of mass, hab is the induced metric and K
i
ab is the second funda-
mental form (extrinsic curvature). 2 The action (1) is proportional to the length of the
surface A. The last property makes the theory very close to the Feynman path integral
for point-like relativistic particle because when the surface degenerates into a single world
line the action (1) becomes proportional to the length of the world line
S = m Axy → m
∫ Y
X
ds (2)
and the functional integral over surfaces naturally transforms into the Feynman path
integral for a point-like relativistic particle (see Figure 1). For a string which is stretched
between quark-antiquark pair the action is equal to the perimeter of the Wilson loop
S = m(R + T ), where R is space distance between quarks, therefore at the classical level
string tension is equal to zero. In the recent articles [1, 4] the authors demonstrated that
quantum fluctuations generate an area term in the effective action
Seff = m
2e−
4pi
D−3
∫
d2ζ
√
hhab∂aX
µ∂bX
µ, (3)
that is, dynamical string tension m2exp(− 4π
D−3
).
Our aim now is to introduce fermions and to suggest supersymmetric extension of this
model. First we shall consider basic relations in the bosonic case and the corresponding
quantization rules of this highly non-linear and higher-derivative theory. We shall intro-
duce Ramond fermions using standard two-dimensional world-sheet spinors. The main
difference with the standard superstring theory is that supersymmetry transformation con-
tains higher derivatives3. We shall demonstrate that the absence of conformal anomaly
in quantum theory requires that the space-time should be 6-dimensional4, Dc = 6.
We shall represent the gonihedric action (1) in the form [1, 4]
S =
m
π
∫
d2ζ
√
h
√
(∆(h)Xµ)
2, (4)
here hab = ∂aXµ∂bXµ is the induced metric, ∆(h) = 1/
√
h ∂a
√
hhab∂b is Laplace
operator and Kiaa K
ib
b = (∆(h)Xµ)
2. The second fundamental form K is defined through
the relations: Kiabn
i
µ = ∂a∂bXµ − Γcab∂cXµ ≡ ∇a∂bXµ, where niµ are D − 2 normals and
a, b = 1, 2; µ = 0, 1, 2, ..., D− 1; i, j = 1, 2, ..., D− 2.
Below we shall consider a model which has the same action (4), but now will be treated
as a functional of two independent field variables Xµ and hab, that is, we shall consider
2In the above theory extrinsic curvature term alone should be considered as fundamental action of
the theory. There is no area term in the action and it is not quadratic in extrinsic curvature as it was in
previous studies [2, 3].
3The supersymmetric extension of the model which has the action quadratic in extrinsic curvature
form was considered in [5].
4This may be interesting for little string theory in 6-dimensions[7].
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Figure 1: It is required that the action Axy should measure the surfaces in terms of
length, as it was for the path integral. When a surface degenerates into a single world
line we have natural transition to a path integral .
scalar fields Xµ in two-dimensional quantum gravity background hab. First we shall get
equation which follows from the variation of the action over coordinates Xµ
π√
h
δS
δXµ
= △(h)

m △(h)Xµ√
(△(h)X)2

 = 0. (5)
and shall introduce the momentum operator
P µa = ∂aΠ
µ, Πµ = m
△(h)Xµ√
(△(h)X)2
,
where Πµ has the property very similar with the constraint equation for the point-like
relativistic particle
ΠµΠµ = m
2. (6)
One should also compute the variation of the action with respect to the metric hab
δS = − 1
2π
∫ √
hTabδh
abd2ζ = 0 (7)
with the following result for Tab
Tab = ∇{aΠµ ∇b}Xµ − hab hcd ∇c Πµ ∇dXµ = 0, (8)
where {a b} denotes a symmetric sum. The energy-momentum tensor is traceless
habTab = 0 and we have interaction with conformally invariant matter field X
µ. Thus
our basic equations are (5),(6) and (8).
3
We can fix the conformal gauge hab = ρηab using reparametrization invariance of the
action and to derive it in the form (see (4))
S´ =
m
π
∫
d2ζ
√
(∂2X)2 =
1
π
∫
d2ζ Πµ ∂2Xµ. (9)
In this gauge the equation of motion (5) should be accompanied by the constraint equa-
tions (8) where now
Πµ = m
∂2Xµ√
(∂2X)2
.
In the light cone coordinates ζ± = ζ0 ± ζ1, ∂± = 12(∂0 ± ∂1) the constrains (8) take the
form
T++ =
1
2
(T00 + T01) =
1
2
(∂0Π
µ + ∂1Π
µ)(∂0X
µ + ∂1X
µ) = 2 ∂+Π
µ∂+X
µ,
T−− =
1
2
(T00 − T01) = 1
2
(∂0Π
µ − ∂1Πµ)(∂0Xµ − ∂1Xµ) = 2 ∂−Πµ∂−Xµ, (10)
with the trace equal to zero: T+− = 0. The conservation of the energy momentum
tensor takes the form ∂−T++ = ∂+T−− = 0 and requires that its components are analytic
T++ = T++(ζ
+) and anti-analytic T−− = T−−(ζ
−) functions. Thus our system has
infinite number of conserved charges. This residual symmetry can be easily seen in gauge
fixed action (9) written in light cone coordinates S´ = 4m
π
∫ √
(∂+∂−Xµ)2 dζ
+dζ−, it is
invariant under the transformations ζ+ = f(ζ˜+), ζ− = g(ζ˜−) where f and g are arbitrary
functions. Another important symmetry of the equation (5) is the transformation ∂2Xµ →
Ω(ζ+, ζ−) ∂2Xµ, where Ω(ζ+, ζ−) is an arbitrary function. Indeed if ∂2Xµ is a solution of
the equation (5), then ∂2Φµ = Ω(ζ+, ζ−) ∂2Xµ is also a solution.
Let us also consider additional conserved currents. If δXµ is symmetry transformation
of the action with only second derivatives of the fields, then the corresponding conserved
current is :
Ja = ∂a
(
∂L
∂(∂2Xµ)
)
δXµ − ∂L
∂(∂2Xµ)
∂aδX
µ.
In our case it is equal to: Ja = ∂aΠµ · δXµ−Πµ · ∂aδXµ. The action (9) is invariant under
the global symmetries δXµ = ΛµνXν + a
µ, where Λµν is a constant antisymmetric matrix
while aµ is a constant. The translation invariance of the action (9) δaX
µ = aµ results into
the conserved momentum current (already appearing in (5))
P µa = ∂aΠ
µ, ∂aP µa = 0, P
µ =
∫
P µ0 dζ
1 (11)
and Lorentz transformation δΛX
µ = ΛµνXν into angular momentum current
Mµνa = X
µ∂aΠ
ν−Xν∂aΠµ+Πµ∂aXν−Πν∂aXµ, ∂aMµνa = 0, Mµν =
∫
Mµν0 dζ
1 (12)
In this set up the conformal transformation ζ+ = f(ζ˜+), ζ− = g(ζ˜−) is defined as
δcX
µ = ua∂aX
µ, where u0 = f+g, u1 = f−g and the corresponding conserved current is
4
Tab (8). We can now summarize the basic equations, constraints and boundary conditions
for closed string in the form:
∂2Πµ = 0, Πµ = m
∂2Xµ√
(∂2Xµ)
2
, Π2µ = m
2,
T++ = ∂+Π
µ∂+X
µ = 0,
T−− = ∂−Π
µ∂−X
µ = 0,
Xµ(ζ0, ζ1) = Xµ(ζ0, ζ1 + 2π). (13)
The general solution of the equation (5) can be represented in the form [6]
Πµ =
1
2
ΠµR +
1
2
ΠµL, X
µ =
1
2
XµR +
1
2
XµL +
1
2
∫
[ΠµL +Π
µ
R] Ωdζ
+dζ−,
where Ω(ζ+, ζ−) is arbitrary function of ζ+ and ζ−. From its definition the momen-
tum density, P µ(ζ0, ζ1) ≡ P µ0 (ζ0, ζ1) = ∂0Πµ is conjugate to Xµ(ζ0, ζ1), therefore
[Xµ(ζ0, ζ1), P ν(ζ0, ζ
′1)] = iηµνδ(ζ1 − ζ ′1) and one can deduce that the following commu-
tation relations should hold
[∂+X
µ
L(ζ), ∂+Π
ν
L(ζ
′
)] = iπηµνδ
′
(ζ − ζ ′),
[∂−X
µ
R(ζ), ∂−Π
ν
R(ζ
′
)] = iπηµνδ
′
(ζ − ζ ′), (14)
with all others equal to zero [∂±X
µ
L(ζ), ∂±X
ν
L(ζ
′
)] = 0, [∂±Π
µ
L(ζ), ∂±Π
ν
L(ζ
′
)] = 05. To
make these formulas more transparent to the reader let me use the analogy with the ghosts
c± and anti-ghost b±± fields (or super-ghorts). The standard Faddeev-Popov action has
the form
∫
c ∂±b with nonzero anti-commutator only between c and b fields. Making use
of these commutators one can get the algebra of constraints
[T++(ζ), T++(ζ
′
)] = iπ(T++(ζ) + T++(ζ
′
)) δ
′
(ζ − ζ ′),
[T++(ζ), P
2
+(ζ
′
)] = iπP 2+(ζ) δ
′
(ζ − ζ ′), [P 2+(ζ), P 2+(ζ
′
)] = 0, (15)
with similar relations for T−− and P−. Here 2P
µ
0 = ∂+Π
µ
L + ∂−Π
µ
R = P
µ
+ + P
µ
−.
Our aim now is to include fermions. We shall introduce fermions into string theory
with extrinsic curvature action using standard two-dimensional world-sheet Majorana
spinors [8, 9, 10, 11, 12]
ΨµA(ζ) ≡
(
Ψµ−(ζ)
Ψµ+(ζ)
)
, (16)
where µ is a space time vector index, A = 1, 2 is a two-dimensional spinor index. The
action is a sum of the bosonic and fermionic terms
S´ =
m
π
∫
d2ζ{
√
(∂2Xµ)2 + i Ψ¯µρa∂aΨ
µ} (17)
where Ψ¯µ = Ψ+µρ0 = ΨTµρ0 and ρα are two-dimensional Dirac matrices
{ρa, ρb} = −2ηab. (18)
5Requiring that commutation relations for the energy-momentum tensor T++ and T−− should form
the algebra of the two-dimensional conformal group one can get the same form of basic commutators.
5
In Majorana basis the ρ′s are give by
ρ0 =
(
0 −i
i 0
)
, ρ1 =
(
0 i
i 0
)
(19)
and iρα∂α is a real operator. The two-dimensional chiral fields are defined as ρ
3Ψµ± = ∓Ψµ±,
where ρ3 = ρ0ρ1, and our field equations can be written in a compact form
∂+∂−Π
µ
R = 0⇔ ∂+Ψµ− = 0, (20)
∂−∂+Π
µ
L = 0⇔ ∂−Ψµ+ = 0. (21)
The symmetry transformation is:
δXµ = ǫ¯Ψµ,
δΨµ = −iρa∂aΠµ ǫ, (22)
where the anti-commuting parameter ǫ is a two-dimensional spinor
ǫ ≡
(
ǫ−
ǫ+
)
. (23)
and P µa = ∂aΠ
µ is the momentum operator. This transformation does leave the set of
field equations
∂2 Πµ = 0, ρa∂aΨ
µ = 0 (24)
intact. Indeed:
ρa∂aδΨ
µ = ρa∂a(−iρb∂bΠµ · ǫ) = −iρaρb∂a∂bΠµ · ǫ = i∂2Πµ · ǫ = 0 (25)
∂2δΠµ = ∂2{ η
µν − ΠµΠν√
(∂2X)2
ǫ¯ ∂2Ψν } = 0 (26)
and field equations are invariant under transformation (22).
We should now test whether we have closed supersymmetry algebra of transformations
(22). The commutator of two supersymmetries on Xµ is given by
[δ1, δ2]X
µ = δ1ǫ¯2Ψ
µ−δ2ǫ¯1Ψµ = ǫ¯2(−iρa∂aΠµ ǫ1)− ǫ¯1(−iρa∂aΠµ ǫ2) = 2iǫ¯1ρaǫ2 ∂aΠµ, (27)
where the relation ǫ¯2ρ
aǫ1 = −ǫ¯1ρaǫ2 has been used. The commutator of two supersym-
metries on Ψµ is given by
[δ1, δ2]Ψ
µ = δ1(−iρa∂aΠµ ǫ2)− δ2(−iρa∂aΠµ ǫ1) =
−iρa∂a{ηµν−ΠµΠν√
(∂2X)2
ǫ¯1 ∂
2Ψν} ǫ2 ⇔ (1↔ 2) =
= 2iǫ¯1ρ
bǫ2 ∂b{ηµν−ΠµΠν√
(∂2X)2
∂2Ψν}+ iǫ¯1ρbǫ2 ρb ρa∂a{ηµν−ΠµΠν√
(∂2X)2
∂2Ψν} = 0.
(28)
Last two terms are equal to zero on mass shell because of the classical equation ∂2Ψµ = 0.
The above calculation makes use of the Fierz rearrangement as well as the properties of
Majorana spinors.
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It is easy to prove that the action is invariant under the transformation of equation
(22). The invariance is achieved without the use of the field equations,
δS =
∫
{Πµ∂2δXµ + 2iΨ¯µρa∂aδΨµ}d2ζ =
∫
{Πµ∂2(ǫ¯Ψµ) + 2iΨ¯µρa∂a(−iρb∂bΠµǫ)}d2ζ
=
∫
{∂2Πµ(ǫ¯Ψµ) + 2Ψ¯µρaρb∂a∂bΠµǫ)}d2ζ =
∫
{∂2Πµ ǫ¯Ψµ − Ψ¯µǫ ∂2Πµ}d2ζ = 0(29)
We can use the Noether method to derive conserved supersymmetry current, the current
is a spinor
Ja =
1
2
ρbρaΨ
µ∂βΠ
µ ≡ (J+, J−), (30)
here J+ and J− are two component spinor currents. The current is conserved
∂aJa =
1
2
ρbρa∂
aΨµ ∂bΠ
µ +
1
2
ρbρaΨ
µ∂a∂bΠ
µ = 0 (31)
and
ρaJa =
1
2
ρaρbρaΨ
µ∂bΠ
µ = 0 (32)
because ρaρbρa = 0. In the two-dimensional notations the supercurrent has components:
J+ = Ψ
µ
+∂+Π
µ, ∂−J+ = 0, (33)
J− = Ψ
µ
−∂−Π
µ, ∂+J+ = 0, (34)
representing the generalized Dirac equations in our case.
Let us summarize the symmetries of the system. They are: translation in the target
space δa, spacetime rotations δΛ, fermi-bose transformation δǫ and conformal transforma-
tions δu
δa :
δaX
µ = aµ P µa = ∂aΠ
µ
δaΨ
µ = 0
δΛ :
δΛX
µ = ΛµνXν Mµνa = X
µ∂aΠ
ν −Xν∂aΠµ +Πµ∂aXν −Πν∂aXµ + iΨµρaΨν
δΛΨ
µ = ΛµνΨν
δǫ :
δǫX
µ = ǫ¯Ψµ Ja =
1
2
ρbρaΨ
µ∂bΠ
µ
δǫΨ
µ = −iρa∂aΠµ · ǫ
δu :
δuX
µ = ua∂aX
µ Tab =
1
2
∂{aΠ
µ∂b}X
µ + i
4
Ψ¯µρ{a∂b}Ψ
µ − trace
δuΨ
µ = ua∂aΨ
µ
(35)
Now we can clearly see that two world sheet supersymmetry transformations are equiva-
lent to translation δa in (35)∫ 2π
0
[δ1, δ2]X
µdζ1 = 2iǫ¯1ρ
aǫ2
∫ 2π
0
∂aΠ
µdζ1 = 2iǫ¯1ρ
0ǫ2
∫ 2π
0
∂0Π
µdζ1 = 2iǫ¯1ρ
0ǫ2 P
µ, (36)∫ 2π
0
[δ1, δ2]Ψ
µdζ1 = 0. (37)
Normally in standard string theory it is equivalent to a worldsheet conformal transforma-
tion.
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Defining the conjugate variable for the fermion field as P µψ =
δS
δ∂0Ψµ
= Ψµ we can get
standard anticommutation relations
{Ψµ±(ζ),Ψν±(ζ ′)} = πηµνδ(ζ1 − ζ ′), (38)
with all others equal to zero. Making use of these commutators one can get the standard
algebra of the two-dimensional conformal group (15), where now
T++ = 2∂+Π
µ∂+X
µ +
i
2
Ψµ+∂+Ψ
µ
+,
T−− = 2∂−Π
µ∂−X
µ +
i
2
Ψµ−∂−Ψ
µ
−. (39)
We are able now to compute the anticommutator of two supercurrents:
{J+(ζ), J+(ζ ′)} = {Ψµ+(ζ),Ψν+(ζ
′
)} · ∂+Πµ(ζ)∂+Πν(ζ ′) ≡ πP 2+(ζ) δ(ζ1 − ζ
′
). (40)
The square of our generalized Dirac operator J+ = P
µ
+ Ψ
µ
+ = ∂+Π
µ Ψµ+ is not any more
equal to the Virasoro operator T++ = 2P
µ
+∂+X
µ + (i/2)Ψµ+∂+Ψ
µ
+, but instead is a square
of space-time translation operator P µ+. One can also compute the following commutator
[T++(ζ), J+(ζ
′
)] = iπJ+(ζ) δ
′
(ζ − ζ ′). (41)
Quantization of this theory is strait forward [6]. From the equivalent form of the
action (9) we can deduce the propagator
〈Πµ(k)Xν(−k)〉 = ηµν iπ
k2
, (42)
or in the coordinate form
< Πµ(ζ)Xν(ζ˜) >= −η
µν
2
ln(|ζ − ζ˜|µ). (43)
Using the fact that there is no correlations between right and left moving modes of the Π
field and right and left moving modes of the X field we shall get
< ΠµR(ζ
−)XνR(ζ˜
−) >= −ηµν ln[(ζ−−ζ˜−)µ)], < ΠµL(ζ+)XνL(ζ˜+) >= −ηµν ln[(ζ+−ζ˜+)µ)]
(44)
Now we are in a position to compute the two point correlation function of the energy
momentum operator for bosonic coordinates X,Π
< T T boson++ (ζ
+) T boson++ (ζ˜
+) > =
1
4
< T : Π˙µL(ζ
+)X˙µL(ζ
+) :: Π˙νL(ζ˜
+)X˙νL(ζ˜
+) :>
=
1
4
< Π˙µL(ζ
+)X˙νL(ζ˜
+) >< X˙µL(ζ
+) Π˙νL(ζ˜
+) >=
1
4
D
(ζ+ − ζ˜+)4 . (45)
The contribution of the ghosts b-c system to the central charge remains the same as in
the standard bosonic string theory
< T T ghost++ (ζ
+) T ghost++ (ζ˜
+) > = − 13
4
1
(ζ+ − ζ˜+)4 .
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The same is true for fermion and super-ghosts γ − β system
< T T fermion++ (ζ
+) T fermion++ (ζ˜
+) > + < T T super−ghost++ (ζ
+) T super−ghost++ (ζ˜
+) > =
=
1
16
D
(ζ+ − ζ˜+)4 +
11
8
1
(ζ+ − ζ˜+)4 . (46)
therefore the absence of conformal anomaly
D
4
− 13
4
+
D
16
+
11
8
= 0 (47)
requires that the space-time should be 6-dimensional 6
Dc = 6. (48)
This result can be qualitatively understood if one take into account the fact that the field
equations here are of the forth order and therefore we have two time more degrees of
freedom in the bosonic sector than in the standard string theory. It will be a subject of
another paper to investigate the spectrum of this theory in full details.
The author wish to thank J.Polchinski, E.Floratos, R.Manvelyan and A.Kehagias for
useful remarks and the Institute for Theoretical Physics UCSB for kind hospitality where
part of this work was completed. This work was supported in part by the by EEC Grant
no. HPRN-CT-1999-00161.
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